ON FINITE GROUPS WITH INDEPENDENT CYCLIC SYLOW SUBGROUPS

MARCEL HERZOG
The purpose of this paper is to classify all perfect groups with cyclic Sylow p-subgroups which satisfy the condition ( Ten years ago E. Artin raised the following problem: what are the simple finite groups G of order g which are divisible by a prime V > # 1/3 ? This question was answered by R. Brauer and W. F. Reynolds in [1] . They found that the only groups satisfying the above conditions are PSL (2, p) , where p > 3 is a prime, and PSL (2, p -1) where p > 3 is a Fermat prime, p -2 m + 1. In particular, the Sylow ^-subgroups of these groups are of order p and therefore they are cyclic and satisfy the (TI) condition. Theorem 1 thus generalizes these results.
As a matter of fact we will prove a more general statement than Theorem 1. ( I )* a = 1, G = PSL (2, p) , where p > 3 is a prime.
(II)* a = 1, G = PSL (2, p -1) , where p = 2 m + 1 > 5 is a Fermat prime.
(Ill)* a = 1, G = SL (2, p) , where p > 3 is a prime.
(IV)* α = 2, p = 3, G -P5L (2, 8) .
( V )* a -1, G = PGL (2, p) , where p > 3 is a prime.
(VI)* α = 1, G = PSL (2, p) x Λf, where p > 3 is a prime and o(ΛΓ) = 2.
Since G = G' implies the last condition of Theorem 1*, Theorem 1 follows immediately from Theorem 1*. In this paper the group N G (P)/W will be referred to as the p-metacyclic group of order qp a . Theorem 1* follows from the following more general result: (2, p) where p > 3 is a prime.
Theorem 2 immediately yields COROLLARY. Let G satisfy the assumptions of Theorem 2 and suppose that n < (p a + 3)/2. 27*,ew G* is of type (B), (C) or (D).
In §2 some basic properties of groups with a Sylow subgroup satisfying the TV-property are derived. Section 3 contains the proof of Theorem 2, from which Theorem 1* is deduced in § 4.
We use the standard notation C G (T) 
, N G (T), o(T), T\ and
where T is a subset of the group G, to denote respectively: the centralizer, normalizer, number of elements, the nonunit elements and the group generated by T. We will say that N G (T)/C G (T) acts frobeniusly on T if θ 1 * = θ for θe T* and ηeN G {T) implies that Ύ] e C G (T) . An element of G is called a p'-element, where p is a prime number, if p does not divide its order. The principal character and the commutator subgroup of G will be denoted by 1 G and G r respectively. Finally, if a and b are integers, then (a, 6) denotes their greatest common divisor and α | b means: a divides b.
2* T/P-groups* A finite group will be called a T/P-group if its Sylow p-subgroups are nontrivial and satisfy the T/-property. This section deals with properties of TIP-groups in general, followed by a study of T/P-groups with a cyclic Sylow p-subgroup. PROPOSITION 
Let G be a TIP-group with a Sylow p-subgroup P of order p a . Then the following statements hold. (a) C G {P) = Wx P where o(W) = w and {w
, p) -1. ( b) o(G) = qwp a (l + np a
) where q = [N G (P) : C G (P)] and n is a nonnegative integer. (c) Any normal subgroup L of G of order divisible exactly by
p h > 1 is a TIP-group of order q L w L p h (l + np a ). (d) If H
is a normal subgroups of G of order prime to p, then G/H is a TIP-group.
Proof. Let C = C G (P), N = N G (P).
(a) Since P is a normal Hall-subgroup of C, it has a complement W and (w, p) = 1. Since elements of W commute with elements of P, C = W x P.
(b) Consider the conjugates {PJ of P, other than P. If a e P and Pϊ = Pi, where Pi = P τ , reG, then P™*-1 = P, τστ~ι e N G (P) and σeN G (P τ ) , σ e P Γ\ P τ = {1}. Thus P acts by conjugation fixed point free on {PJ and therefore o{Pt} = np a for some nonnegative integer n. Lemma 1 in [6] obviously holds also for general T/P-groups, with p Φ 2. Thus any subgroup of G of order divisible by p is a T/P-group and 
P). It follows from the TT-property that C G (σ)dN G (P)
and i\Γ G «V» c N^P). Thus C G (σ) = C G (P) and since P is cyclic N G «σy) = (h) Suppose that Kf] NςtC and let σ e K Π N -C. Since N/C acts frobeniusly on P, it follows that the elements σp^σ^p, pe P, are distinct and belong to P Π K. Thus P is contained in K, a contradiction. Consequently K Π NczC and K Π iV -K Π C, as required. 3. Proof of Theorem 2. If either p = 2 or g = 1, then C G (P) -N G (P) and by the Burnside Theorem P has a normal complement in (?, in contradiction to our assumption. Thus p > 2 and g > 1.
If P is normal in G and C G (P) = W x P, then TF is normal in G, again a contradiction. Thus P is not normal in G and the first statement of Theorem 2 follows from Proposition 2.1.b.
It follows from Proposition 3 in [1] If z Φ 0, let h = (z + l)w*, v = z. Then:
in contradiction to our assumptions. Thus z = 0 and w* = w.
Consequently, it suffices to show that if G satisfies the assumptions of Theorem 2 and in addition, G = G r , G has no nontrivial normal subgroup of order prime to p and n does not satisfy (A), then G is isomorphic to one of the simple groups described in (B), (C), and (D).
We will use the following notation: N = N G (P), C = C G (P) = W x P where o(W) = w and (w, p) = 1.
Let B be the principal p-block of G. Then by Proposition 2.1 of is an algebraic integer and consequently
For i = 0, it follows from (1) Proof. We will show first that if
then either n satisfies statement (A) or one of the following relations holds:
To do so, it suffices to show that if n does not satisfy (A) then the only solutions of
in nonnegative integers v and w are: v = 0, wp a -1 = (p a -1)(1 + np a ) and v = w, w = 1.
Suppose that v =£ 0 and w > 1. Then vp a + 1 < 1 + np a , v < n. By multiplying out equation (5), adding 1 to both sides and dividing by p a we get
Now by (6):
Since n > v, the left hand side of the equation is positive and so we may put h -n -wv, where h is a positive integer. Solving for n we get a contradiction to the assumption that n does not satisfy (A). Thus either v -0 or w = 1 and the above assertion follows. Now we have seen that for j = 0, 2, 3, , q Xj = ε^ (mod p α ) and Thus it suffices to show that for j -0, 2, 3, , q
Indeed, if the equality holds, then by (3) :
The proof of Lemma 3.2 is complete.
We will proceed with the proof of Theorem 2. It follows from (3) that at least one of the ejs, j = 0, 1, , q, is negative. If ε 0 = -1, let X = Σ$=i -30 and if ε 4 = -1 for some ΐ ^ 2 let X = X it In either case, by Lemma 3.2 X is a character of (? of degree p a -1 and by (1) and Lemma 2.2 of [3] X(σπ) = -1 for <j € P*, 7Γ e TΓ, where C = P x W. Denote the restriction of X to 292 MARCEL HERZOG C also by X; then X is a character of P x W and therefore for pe P and πe W we have:
where ^, i = 1, , r are distinct irreducible characters of W and
, r are characters of P. Let σeP*, πe W; as X(σπ) = -1, it follows from (7) and from the linear independence of the irreducible characters of W, that the principal character appears among the ψ i9 say ψ x = 1^, and
Suppose that r > 1. Then <p 2 vanishes on P # and therefore p a divides φ 2 (l) , in contradiction to (7) and the fact that X(l) = p a -1. Thus r -1 and
for all peP, 7Γe W .
In particular X(π) = φ^l) = X(l) for all TΓ G TF. Let V denote the kernel of X; then 7 is a normal subgroup G and WΓc F. Suppose that W Φ {1}. Then it follows from the assumption that G has no nontrivial subgroups of order prime to p and from Proposition 2. Schur [4, p. 120] that G is either isomorphic to SL (2, p) and (III)* holds, or it is isomorphic to PSL (2, p) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, double spaced with large margins. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts, in duplicate if possible, may be sent to any one of the four editors. Please classify according to the scheme of Math. Rev. 36, 1539-1546. All other communications to the editors should be addressed to the managing editor, Richard Arens, University of California, Los Angeles, California, 90024. 50 reprints are provided free for each article; additional copies may be obtained at cost in multiples of 50.
